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Abstract: - A novel robust adaptive PID control scheme is proposed with known upper bound of the external 

disturbances, to solve the dynamic coupling and strong nonlinearity problems in flexible joint robot manipulator 
control. Invoking the proposed controller, the bounded external disturbances can be compensated and the global 

asymptotical stability with respect to the manipulator positions and velocities is able to be guaranteed. The 

designed control law can enlarge the tolerable external disturbances, enhance the accuracy of trajectory tracking 

error, and improve the dynamic performance of the manipulator systems. The stability and convergence 

properties of the closed-loop system are analytically proved using Lyapunov stability theory and Barbalat's 

lemma. Simulation for the proposed control system is performed for a two-degree of freedom flexible joint 

robot, each joint modeled by two-equations of second order to illustrate its viability,  and  advantages. 
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I. INTRODUCTION 
Robot manipulators play an important part in modern industry by providing lower production cost, 

enhanced precision, quality, productivity, and efficiency. The control of robot faces significant difficulties, with 

regard to such a complicated system, various controllers have been developed [1], such as adaptive controllers 

[2-4], robust controllers [5-7] and controllers based on the theory of variable structure [8-11]. However, the 

applicability of these controllers to practical robot is limited because the assumption of perfect rigidity is never 

satisfied exactly.  

Since linear control methods are not suitable for strong coupled, nonlinear and time-varying flexible 

robot manipulator systems, many nonlinear control schemes based on conventional PID control theory have 

been proposed to improve the control performance. In [12], the global asymptotic stability of a class of 

nonlinear PD-type controllers for position and motion control of robot manipulators is analyzed, and a global 

regulator constrained to deliver torques within prescribed limits of the actuator's capabilities is proposed. 
However, it has been shown that although the PD controller is robust with respect to uncertainties on inertial 

parameters and the global asymptotic stability is guaranteed, uncertainties on the gravity parameters may lead to 

undesired steady state errors [13]. A PID control scheme can eliminate the steady-state errors, but it can only 

ensure local asymptotic stability. Moreover, to guarantee the stability, the gain matrices must satisfy 

complicated inequalities [14]. In [15], a new variable structure PID control scheme is designed for robot 

manipulators. 

Robust control laws are used for external disturbances, unstructured dynamics, and other sources of 

uncertainties. [16,17] present a popular approach for designing robust controller. A simple robust nonlinear 

control law is derived by [18] using the approach of [17] for n-link robot manipulators using the well-known 

Lyapunov theory to guarantee stability of uncertain systems. Other control methods developed based on [16,17] 

are given in [19,20]. However, disturbances and unmodeled dynamics are not considered in the algorithms in 

[18-20]. In [21], the method developed by [18] is modified such that the controller is robust to unmodeled 
dynamics and disturbances. 

Most adaptive algorithms may exhibit poor robustness to unstructured dynamics and external 

disturbances, to resolve this, a combination of robust control and adaptive algorithm is investigated in a number 

of literatures. In[22], adaptive controllers are designed for robot manipulators that yield robust trajectory in spite 

of  the unwanted effects of the external disturbances and fast maneuvering of the manipulator. The algorithm 

presented in [23] is suitable for swift adaptation to rapidly changing system parameters. In [24], a decentralized 

adaptive controller is investigated for trajectory tracking of robot manipulator systems. A disturbance observer 

is introduced in each controller to compensate for coupled uncertainties, and an adaptive sliding mode control 

term is employed to handle the fast changing components of the uncertainties beyond the pass band of the 

disturbance observer. 

A novel robust decentralized control scheme by adaptive fuzzy estimation and compensation 
uncertainty is proposed by [25]. The controller is designed via voltage control strategy, a fuzzy system is used to 
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estimate and compensate uncertainty. In [26,27], two adaptive PD control methods are investigated with known 

and unknown upper bound of the external disturbances, respectively. Both of the controllers are composed by a 

nonlinear PD feedback control law and an adaptive algorithm. However, the PD feedback control is rarely used 
because the differential action is very sensitive to system noise. Hence, the PD control is of no benefit for the 

improvement of the system dynamic performance. 

Robust tracking controller for (FJR) is developed using voltage control strategy [28], achieving pre-set 

performance on link position error [29] both are free of manipulator dynamics and nonlinearities. Adaptive 

trajectory control scheme consists of a direct (MRAS) is presented [30] to improve damping of vibration at the 

joints. An adaptive fussy output feedback approach is proposed [31] to compensate for nonlinear dynamics 

while only requiring the measurement of link position. 

In the present study a new robust adaptive PID controller is introduced for an n degree-of-freedom 

robot manipulator systems with known upper bound of the external disturbances based on [12,26,27]. The 

designed controller is composited by PID control and robust adaptive approach to cope with the external 

disturbances and unknown constant parameters that can arise. An integration element is embedded in both PD 
control and robust adaptive algorithm based on the existing adaptive PD control law [26,27]. With the adoption 

of the proposed controller, the tolerable external disturbances are enlarged, and also the dynamic performance of 

the system is improved. By choosing adequate Lyapunov candidate functions and utilizing Barbalat's lemma, the 

system's closed-loop stability is proven. Same numerical simulation studies are carried out in order to 

demonstrate the control system performance. 

 

II. DYNAMIC MODEL FOR (FJR) 
This section describes the dynamic model of the robot. This model is used for the design and control 

development. The dynamic model for flexible joint robot developed by [32] is adopted. It is derived for the 
experimental robot using Euler-Lagrange equation [33], and it is given by the following equations: 

M(q) 𝑞    +  C ( q , 𝑞  )  +  B  𝑞   -  K  (qm  -  q ) + G(q) =  -JT F                                                                      (1a) 

Im𝑞 m     +  Bm𝑞 m    +  K  (  qm  -  q )  =  τ                                                                                                              (1b) 

Where q is the  2 x 1  link angular  position vector, qm is the  2 x 1  motor angular  position vector,   M (q) is the 

2x2 manipulator inertia matrix, C (q,𝑞  )  is the 2x1 coriolos and centrifugal forces vector, K is 2x2 diagonal 

matrix with entries equal to the joint stiffness, G(q) is the 2x1 gravity force vector, JT is the 2x2 transpose of the 

manipulator Jacobian, F is 2x1 forces vector at the end effector expressed in the reference frame, Im is the 2x2 

diagonal matrix with entries equal to the rotors inertia, Bm is the 2x2 diagonal matrix with entries equal to the 

coefficient of viscous damping at the motors, and τ  is 2x1 applied motor torque vector. 

 

Problem Formulation 

The process of controlling the dynamic model given by equations (1) is difficult because the system is 

multi-input multi-output (MIMO) nonlinear. However, considering each link and its driving motor only reduces 

the system to two single input multi-output linear subsystems, whichsimplifies the identification and control 

process.  [34] Has implemented this identification technique on a two-link flexible joint experimental robot.The 

first subsystem is the first joint (the first motor and the first link) and the second subsystem is the second joint 

(the second motor and the second link). The following procedures are performed to control these two 

subsystems. 

a) First, constrain the first subsystem by clamping the first link to the fixed table, and thus the second 

subsystem characteristic can be isolated, identified, and control. 

b) To identify and control the first subsystem, the brake of the second motor is applied. Hence, the second 
subsystem is considered as extra mass add to the end of the first link. 

 

Dynamic System Properties: The dynamic systems given by (1) exhibit the following properties that are 

utilized in the subsequent control law development and stability analysis [33]. 
a) (P1) The inertial matrix is symmetric and positive definite; that is, M(q) = MT(q) >0∀𝑞 ∈ 𝑅𝑛 .There are 

positive constants  mm and Mm such that 𝑚𝑚 𝑦 
2 ≤ 𝑦𝑇𝑀 𝑞 𝑦 ≤ 𝑚𝑀 𝑦 

2 ,∀𝑦 ∈ 𝑅𝑛  .  
b) (P2)𝑀  𝑞 − 2𝐶(𝑞, 𝑞)  is a skew-symmetric matrix; for example, 𝑠𝑇 𝑀  𝑞 − 2𝐶 𝑞, 𝑞   𝑠 = 0,∀𝑠 ∈ 𝑅𝑛 . 

c) (P3)M(q), C(q,𝑞) , and G(q) meet the linear condition of, 

M(q)∝ +𝐶 𝑞,𝑞  𝛽 + 𝐺 𝑞 = ᴪ 𝑞, 𝑞 ,𝛼,𝛽 𝑃,𝑤ℎ𝑒𝑟𝑒P∈ 𝑅𝑚  is an unknown constant vector which describes 

the mass characteristics of the manipulator and ᴪ(𝑞, 𝑞 ,𝛼,𝛽) ∈ 𝑅𝑛𝑥𝑚  is a known regression matrix. 

 

III. ROBUST ADAPTIVE PID CONTROL OF ROBOT 
Firstly, the following assumptions are imposed for the manipulator systems. 

1. (A1) The desired trajectory 𝑞𝑑  and the time derivatives 𝑞 𝑑𝑎𝑛𝑑 𝑞 𝑑  are available and bounded signals. 

2. (A2) The external disturbances vector u is bounded, and it is confined within the following limit: 
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 𝑢 ≤ 𝑏1 + 𝑏2 𝑒 + 𝑏3 𝑒  + 𝑏4   𝑒𝑑𝑡
𝑡

0
 Where, 

 b1, b2, b3, and b4 are positive constants, e = q - 𝑞𝑑  and 𝑒 =  𝑞 − 𝑞 𝑑are the position tracking error and the velocity 

tracking error, respectively,  𝑒1𝑑𝑡
𝑡

0
=    𝑒1𝑑𝑡,… . . ,

𝑡

0
 𝑒𝑛
𝑡

0
𝑑𝑡 T . 

3.(A3) 𝑒 =  𝑞 − 𝑞 𝑑  is existent and bounded in t. Here we introduce two variables x and 𝑞𝑘 ; meanwhile let 

𝑥 =  𝑒 +  𝛾𝑒 +  𝑒𝑑𝑡,
𝑡

0
𝑞 𝑘 = 𝑞 𝑑 − 𝛾𝑒 −  𝑒𝑑𝑡,

𝑡

0
                                                                                                    (3) 

Where the parameter γ is a positive constant, with (3) giving 

𝑞 − 𝑞 𝑘 = 𝑥                                                                                                                                                             (4) 

With regard to robot manipulator property (P3), let = 𝑞 𝑘  ,𝛽 =  𝑞 𝑘  ; one obtains 

𝑀 𝑞 𝑞 𝑘 + 𝐶 𝑞,𝑞  𝑞 𝑘 + 𝐺 𝑞 =  Ѱ 𝑞, 𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑃                                                                 (5) 

Substituting Eqn. (4) into Eqn. (5) yields 

𝑀 𝑞 𝑞 + 𝐶 𝑞,𝑞  𝑞 + 𝐺 𝑞 − 𝑀 𝑞 𝑥 − 𝐶 𝑞, 𝑞  𝑥 =  Ѱ 𝑞,𝑞 , 𝑞 𝑘 ,𝑞 𝑘 𝑃                                                       (6) 

 

IV. DESIGN OF ROBUST ADAPTIVE PID CONTROLLER 
For the robot manipulator systems (1), if the upper bound of the external disturbances signals u is known, 

motivated by [12,26], the controller which makes the position and the velocity tracking errors asymptotically 

converge to zero can be designed as follows: 

𝜏 =  −𝐾𝑃𝑒 − 𝐾𝐷𝑒 − 𝐾𝐼   𝑒𝑑𝑡
𝑡

0
 +  Ѱ 𝑞, 𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑝 + 𝑉                                                                (7) 

𝑉 =   𝑣1,… . . , 𝑣𝑛 
T                                                                                          (8) 

𝑣𝑖 =  − 𝑏1 + 𝑏2 𝑒 + 𝑏3 𝑒  + 𝑏4   𝑒𝑑𝑡
𝑡

0
  𝑠𝑔𝑛(𝑥𝑖)                                   (9) 

Where 𝑃  is the estimate value of P. Take the parameter estimation law of 𝑃  as 

𝑃  =  −ФѰ𝑇 𝑞,𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑥                                                          (10)     

The gain matrices are given by 

𝐾𝑃 = 𝑑𝑖𝑎𝑔 𝐾𝑃1,… . ,𝐾𝑃𝑛  , 
                                                                              𝐾𝐷 = 𝑑𝑖𝑎𝑔 𝐾𝐷1 ,… . ,𝐾𝐷𝑛                                                                 (11) 

𝐾𝐼 = 𝑑𝑖𝑎𝑔 𝐾𝐼1 ,… . ,𝐾𝐼𝑛   
Where 𝐾𝑃𝑖 ,𝐾𝐷𝑖 ,𝐾𝐼𝑖 (I = 1,2,…, n) are all positive constants and 𝐾𝐷𝑖 =  𝐾𝐼𝑖  ,Ф ∈ 𝑅𝑚𝑥𝑚  is a positive definite and 
symmetric matrix. The framework of the proposed control scheme is shown in Fig. 1. 

 

Proof :  Considering the Lyapunov function candidate, 

𝑉 =
1

2
 𝑥𝑇𝑀 𝑞 𝑥 + 𝑒𝑇 𝐾𝑃 + 𝛾𝐾𝐷 𝑒 +   𝑒𝑑𝑡

𝑡

0
 
𝑇
 𝐾𝑃 + 𝛾𝐾𝐼   𝑒𝑑𝑡

𝑡

0
 + 𝑃 𝑇Ф−1𝑃                                (12) 

 

With 𝑃 =  𝑃 − 𝑃,  from property (P1) one obtains 

 𝑥𝑇𝑀 𝑞 𝑥 ′ =  𝑥 𝑇𝑀 𝑞 𝑥 + 𝑥𝑇𝑀  𝑞 𝑥 + 𝑥𝑇𝑀 𝑞 𝑥 = 𝑥𝑇𝑀  𝑞 𝑥 + 2𝑥𝑇𝑀 𝑞 𝑥 .                                    (13) 

 

With the positive definite and symmetric matrices 𝐾𝑃 ,𝐾𝐷 ,𝐾𝐼 ,𝑎𝑛𝑑Ф,𝑜𝑛𝑒𝑔𝑒𝑡𝑠 
 𝑒𝑇 𝐾𝑃 + 𝛾𝐾𝐷 𝑒 

′ = 2𝑒𝑇 𝐾𝑃 + 𝛾𝐾𝐷 𝑒 , 

   𝑒𝑑𝑡
𝑡

0
 
𝑇

(𝐾𝑃 + 𝛾𝐾𝐼)   𝑒𝑑𝑡
𝑡

0
  

′

= 2   𝑒𝑑𝑡
𝑡

0
 
𝑇
 𝐾𝑃 + 𝛾𝐾𝐼 𝑒,                                                       (14)  

 𝑃 𝑇Ф−1𝑃  
′

= 2𝑃 𝑇Ф−1𝑃   
Therefore, one obtains 

 

𝑉 =  1
2 𝑥𝑇𝑀  𝑞 𝑥 + 𝑥𝑇𝑀 𝑞 𝑥 + 𝑒𝑇 𝐾𝑃 + 𝛾𝐾𝐷 𝑒 +   𝑒𝑑𝑡

𝑡

0
 
𝑇
 𝐾𝑃 + 𝛾𝐾𝐼 𝑒 + 𝑃 𝑇Ф−1𝑃                     (15) 

 

Using (6) and (7) leads to 

 

𝑥𝑇𝑀 𝑞 𝑥 = 𝑥𝑇 𝜏 − 𝑢 − Ѱ 𝑞,𝑞 , 𝑞 𝑘 ,𝑞 𝑘 𝑃 − 𝐶(𝑞, 𝑞) 𝑥        =

𝑥𝑇  −𝐾𝑃𝑒 − 𝐾𝐷𝑒 − 𝐾𝐼   𝑒𝑑𝑡
𝑡

0
 + Ѱ 𝑞,𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑃 + 𝑉 − 𝑢 − 𝑥𝑇𝐶 𝑞,𝑞  𝑥.                    (16) 

 

Considering 𝑥𝑇 = 𝑒 𝑇 + 𝛾𝑒𝑇 +   𝑒𝑑𝑡
𝑡

0
 
𝑇

, one gets 

𝑥𝑇  −𝐾𝑃𝑒 − 𝐾𝐷𝑒 − 𝐾𝐼 𝑒𝑑𝑡
𝑡

0

 =  𝑒 𝑇 + 𝛾𝑒𝑇 +   𝑒𝑑𝑡
𝑡

0

 

𝑇

  𝐾𝑃𝑒 − 𝐾𝐷𝑒 − 𝐾𝐼   𝑒𝑑𝑡
𝑡

0
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= −𝑒 𝑇𝐾𝑃𝑒 − 𝑒 𝑇𝐾𝐷𝑒 − 𝑒 𝑇𝐾𝐼   𝑒𝑑𝑡
𝑡

0
 − 𝛾𝑒𝑇𝐾𝑃𝑒 − 𝛾𝑒𝑇𝐾𝐷𝑒 − 𝛾𝑒𝑇𝐾𝐼   𝑒𝑑𝑡

𝑡

0
 −   𝑒𝑑𝑡

𝑡

0
 
𝑇

𝐾𝑃𝑒 −

  𝑒𝑑𝑡
𝑡

𝑜
 
𝑇

𝐾𝐷𝑒 −   𝑒𝑑𝑡
𝑡

0
 
𝑇

𝐾𝐼   𝑒𝑑𝑡
𝑡

0
 .                                                                                                             (17) 

 
Substituting (16) and (17) into (15) yields 

 

𝑉 = −𝑒 𝑇𝐾𝐷𝑒 − 𝛾𝑒𝑇𝐾𝑃𝑒 −   𝑒𝑑𝑡
𝑡

0
 
𝑇

𝐾𝐼   𝑒𝑑𝑡
𝑡

0
 − 𝑒 𝑇 𝐾𝐷 + 𝐾𝐼   𝑒𝑑𝑡

𝑡

0
 + 1

2 𝑥𝑇𝑀  𝑞 𝑥 − 𝑥𝑇𝐶 𝑞,𝑞  𝑥 +

𝑃 𝑇Ф−1𝑃  + 𝑥𝑇Ѱ 𝑞, 𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑃 + 𝑥𝑇 𝑉 − 𝑢 .                                                                           (18) 

 

With property (P2) one obtains 
 
1

2 𝑥𝑇𝑀  𝑞 𝑥 − 𝑥𝑇𝐶 𝑞,𝑞  𝑥 = 1
2 𝑥𝑇 𝑀  𝑞 − 2𝐶 𝑞, 𝑞   𝑥 = 0                                                                (19) 

Note that 

𝑥𝑇Ѱ 𝑞, 𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑃 = 𝑃 𝑇Ѱ𝑇 𝑞,𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑥,                       𝑃  = 𝑃                                                            (20) 

 

And one gets 

 

𝑃 𝑇Ф−1𝑃  + 𝑥𝑇Ѱ 𝑞, 𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑃 = 𝑃 𝑇Ф−1 −ФѰ𝑇 𝑞,𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑥 + 𝑃 𝑇Ѱ𝑇 𝑞, 𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑥 = 0               (21) 

 

Thus, one obtains 

 

𝑉 = −𝑒 𝑇𝐾𝐷𝑒 − 𝛾𝑒𝑇𝐾𝑃𝑒 −   𝑒𝑑𝑡
𝑡

0
 
𝑇

𝐾𝐼   𝑒𝑑𝑡
𝑡

0
 − 𝑒 𝑇 𝐾𝐷 + 𝐾𝐼   𝑒𝑑𝑡

𝑡

0
 + 𝑥𝑇 𝑉 − 𝑢 .               (22) 

 

Note that the following equalities and inequalities hold 

 

𝑒 𝑇𝐾𝐷𝑒 =  𝐾𝐷𝑖𝑒 𝑖
2

𝑛

𝑖=1

,                        𝛾𝑒𝑇𝐾𝑃𝑒 =  𝛾𝐾𝑃𝑖𝑒𝑖
2

𝑛

𝑖=1

,                  𝑒𝑑𝑡
𝑡

0

 

𝑇

𝐾𝐼   𝑒𝑑𝑡
𝑡

0

 

=   𝐾𝑖1
𝑛

𝑖=1
  𝑒𝑑𝑡

𝑡

0

 

2

 

𝑒 𝑇 𝐾𝐷 + 𝐾𝐼   𝑒𝑑𝑡
𝑡

0

 =  (𝐾𝐷𝑖 + 𝐾𝐼𝑖)𝑒 𝑖   𝑒 𝑖𝑑𝑡
𝑡

0

 

𝑛

𝑖=1

,      

− (𝐾𝐷𝑖 + 𝐾𝐼𝑖)
𝑛
𝑖=1 𝑒 𝑖   𝑒𝑖𝑑𝑡

𝑡

0
 ≤ 1

2   𝐾𝐷𝑖 + 𝐾𝐼𝑖  [𝑒 𝑖
2 +   𝑒𝑖𝑑𝑡

𝑡

0
 

2

]𝑛
𝑖=1             (23) 

 

Hence, one gets 

 

𝑉 = − 𝐾𝐷𝑖

𝑛

𝑖=1

𝑒 𝑖
2 − 𝛾

𝑛

𝑖=1

𝐾𝑃𝑖𝑒𝑖
2 − 𝐾𝐼𝑖

𝑛

𝑖=1

  𝑒𝑖

𝑡

0

 

2

−  𝐾𝐷𝑖 + 𝐾𝐼𝑖 𝑒 𝑖   𝑒𝑖𝑑𝑡
𝑡

0

 + 𝑥𝑇(𝑉 − 𝑢)

𝑛

𝑖=1

 

 

Substituting from (23) into the previous equation 

 

𝑉 ≤ − 𝐾𝐷𝑖

𝑛

𝑖=1

𝑒 𝑖
2 − 𝛾

𝑛

𝑖=1

𝐾𝑃𝑖𝑒𝑖
2 − 𝐾𝐼𝑖

𝑛

𝑖=1

  𝑒𝑖𝑑𝑡
𝑡

0

 

2

+ 1
2   𝐾𝐷𝑖 + 𝐾𝐼𝑖  𝑒 𝑖

2 +   𝑒𝑖𝑑𝑡
𝑡

0

 

2

 

𝑛

𝑖=1

+ 𝑥𝑇(𝑉 − 𝑢) 

 

𝑉 ≤ −  𝐾𝐷𝑖 −
1

2  𝐾𝐷𝑖 + 𝐾𝐼𝑖  𝑒 𝑖
2 − 𝛾

𝑛

𝑖=1

𝐾𝑃𝑖𝑒𝑖
2 −  𝐾𝐼𝑖 −

1
2  𝐾𝐷𝑖 + 𝐾𝐼𝑖  

𝑛

𝑖=1

𝑛

𝑖=1

  𝑒𝑖𝑑𝑡
𝑡

0

 

2

+ 𝑥𝑇(𝑉 − 𝑢) 

                                                                                                                                                                             (24) 

 

Now considering the term of  𝑥𝑇 𝑉 − 𝑢 , 
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𝑥𝑇𝑉 =  𝑥𝑖

𝑛

𝑖=1

 − 𝑏1 + 𝑏2 𝑒 + 𝑏3 𝑒  + 𝑏4   𝑒𝑑𝑡
𝑡

0

  𝑠𝑔𝑛(𝑥𝑖)  

=  

𝑛

𝑖=1

 − 𝑏1 + 𝑏2 𝑒 + 𝑏3 𝑒  + 𝑏4   𝑒𝑑𝑡
𝑡

0

   𝑥𝑖   

 

≤   − 𝑢 .  𝑥𝑖  
𝑛
[=1                    (25) 

 

Hence the assumption (A2) has been used. Not that 

 

−𝑥𝑇𝑢 ≤  𝑥𝑇 .  𝑢 .                                                                                   (26) 
 

Defining  𝑥𝑇 =   𝑥𝑖 
𝑛
𝑖=1 𝑔𝑖𝑣𝑒𝑠 

 

𝑉 ≤ −  𝐾𝐷𝑖 −
1

2  𝐾𝐷𝑖 + 𝐾𝐼𝑖  𝑒 𝑖
2 − 𝛾𝐾𝑃𝑖𝑒𝑖

2

𝑛

𝑖=1

𝑛

𝑖=1

−  𝐾𝐼𝑖 −
1

2  𝐾𝐷𝑖 + 𝐾𝐼𝑖  

𝑛

𝑖=1

  𝑒𝑖𝑑𝑡
𝑡

0

 

2

+   − 𝑢 .  𝑥𝑖  +  𝑥𝑇 .  𝑢 

𝑛

𝑖=1

 

 

𝑉 ≤ −  𝐾𝐷𝑖 −
1

2  𝐾𝐷𝑖 + 𝐾𝐼𝑖  𝑒 𝑖
2 − 𝛾𝐾𝑃𝑖𝑒𝑖

2𝑛
𝑖=1

𝑛
𝑖=1 −   𝐾𝐼𝑖 −

1
2  𝐾𝐷𝑖 + 𝐾𝐼𝑖  

𝑛
𝑖=1   𝑒𝑖𝑑𝑡

𝑡

0
 

2

       (27)    

 

With 𝐾𝐷𝑖 =  𝐾𝐼𝑖 > 0 𝑎𝑛𝑑𝐾𝑃𝑖 > 0 𝑜𝑛𝑒𝑜𝑏𝑡𝑎𝑖𝑛𝑠 
 

𝐾𝐷𝑖 −
1

2  𝐾𝐷𝑖 + 𝐾𝐼𝑖 = 0,                       𝛾𝐾𝑃𝑖 > 0,                     𝐾𝐼𝑖 −
1

2  𝐾𝐷𝑖 + 𝐾𝐼𝑖 = 0                             (28) 

 

Finally, one gets 

 

𝑉 ≤ − 𝛾𝐾𝑃𝑖𝑒𝑖
2𝑛

𝑖=1                    (29)  

 

From the proof and analysis above we know that the function 𝑉   is negative and vanishes if and only if e(t) = 0; 

thus the position tracking error goes to zero as time goes to infinity; namely,  lim𝑡→∞ 𝑒 𝑡 = 0. 

According to the assumption (A3) we obtain that 𝑒 (𝑡): is uniformly continuous [35]. Consider the following 

formula holds: 

 

lim𝑡→∞  𝑒  𝜏 𝑑𝜏
𝑡

0
= lim𝑡→∞ 𝑒 𝑡 − 𝑒(0) = −𝑒(0) < ∞                                                         (30) 

 

which implies that the limit lim𝑡→∞  𝑒  𝜏 𝑑𝜏
𝑡

0
 is existent and bounded. Therefore, it follows from the Barbalat's 

lemma [36] that 𝑒  𝑡 → 0, 𝑎𝑠𝑡 → ∞; 𝑡ℎ𝑎𝑡𝑖𝑠, lim𝑡→∞ 𝑒  𝑡 = 0. 
Hence, the designed controller can guarantee the equilibrium (e, 𝑒 ) = (0,0) globally asymptotically stable. It is 

also seen that the parameter vector 𝑃  is bounded but does not necessarily converge to zero. 

 

V. SIMULATION STUDY 
In order to illustrate the performance of the proposed robust adaptive PID controller, simulation study 

has been carried out using VisSim language. The simulation model is a two-degree of freedom flexible joint 

robot (FJR) manipulator with rotary joints. According to (1), its inertia matrix, coriolos and centrifugal vector 
and gravity vector can be described as follows [32]. 

 

M(q)       =   
𝑑1 + 2𝑑2 cos(𝑞2) 𝑑3 + 𝑑2 cos(𝑞2)
𝑑3 +  𝑑2 cos(𝑞2) 𝑑3

   

   

C(q,𝑞 )   =   
−𝑞 2(2𝑞 1 + 𝑞 2) sin(𝑞2)

𝑞 2
2𝑑2 sin(𝑞2)

  𝐺 𝑞1 ,𝑞2 =  
 𝑚1 + 𝑚2 𝑟1 cos𝑞2 + 𝑚2𝑟2 cos 𝑞1 + 𝑞2 

𝑚2𝑟2 cos 𝑞1 + 𝑞2 
   

Where 

𝑑1 = 𝐼1+𝐼2+ 𝑎1
2𝑚1+ 𝑙1

2𝑚𝑟2 + 𝑚2( 𝑙1
2 + 𝑎2

2) 
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𝑑2 = 2 𝑚2𝑙1𝑎2 

𝑑3 =  𝑙2 +  𝑎2
2𝑚2 

Where I1 , I2 , m1 , m2 , a1 , a2 , l1 , l2 , and mr2 are the moment of inertia about an axis parallel to the axis of 

rotation passing through the center of mass, the mass, the distance from the center of rotation to the center of 

mass, length of the first and second link, respectively, and the mass of the second rotor. 

At first, linearize (1) and give the parameter matrix Ѱ and P. According to (5) the following equality holds: 

𝑀 𝑞 𝑞 𝑘 + 𝐶 𝑞,𝑞  𝑞 𝑘 + 𝐺 𝑞 =  Ѱ 𝑞, 𝑞 ,𝑞 𝑘 ,𝑞 𝑘 𝑃                                                                                              (31) 

Let the matrices Ѱ and P have the following forms: 

Ѱ= 
Ѱ11 Ѱ12 Ѱ13

Ѱ21 Ѱ22 Ѱ23
 ,                                                         𝑃 =   𝑃1 𝑃2 𝑃3 

𝑇            (32) 

Then the parameters can be derived as follows: 

Ѱ11 = 𝑞 𝑖𝑘 +  
𝑔
𝑟1  cos𝑞2,                Ѱ12 = 𝑞 1𝑘 + 𝑞 2𝑘,                   Ѱ21 = 0,                      Ѱ22 = Ѱ12 

Ѱ13 = 2𝑞 1𝑘 cos𝑞2 + 𝑞 2𝑘 cos𝑞2 − 𝑞 2𝑞 1𝑘 sin𝑞2 −  𝑞 1 + 𝑞 2 𝑞 2𝑘 sin𝑞2 +  
𝑔
𝑟1  cos 𝑞1 + 𝑞2    (33) 

Ѱ23 = 𝑞 1𝑞 1𝑘 sin𝑞2 + 𝑞 1𝑘 cos 𝑞2 +  
𝑔
𝑟1  cos 𝑞1 + 𝑞2  

𝑃1 =  𝑚1 + 𝑚2 𝑟1
2 ,                 𝑃2 = 𝑚2𝑟2

2 ,              𝑃3 = 𝑚2𝑟1𝑟2 
The link parameters of the robot manipulator are given as listed in table 1[34]. The upper bound parameters are 

selected as b1=2, b2=3, b3=6, and b4=1. The disturbances vector is chosen as 𝑢 =  1.0 1.0 𝑇 + 2𝑒 + 5𝑒 . The 

reference trajectories are 𝑞1𝑑 = cos 𝜋𝑡 ,        𝑞1𝑑 = cos 𝜋𝑡 .  The initial values of manipulator positions and 

velocities are selected as  𝑞1𝑞 1𝑞2𝑞 2 
𝑇 =  0.6  0   0.3    0 𝑇. Take the gain coefficients of the robust adaptive PID 

control as: 

𝐾𝑃 = 𝑑𝑖𝑎𝑔 1000,400 ,   𝐾𝐷 = 𝑑𝑖𝑎𝑔 180,150 , 𝐾𝐼 = 𝐾𝐷 ,   𝛾 = 5, Ф = 𝑑𝑖𝑎𝑔[5.0,5.0,5.0}          (34) 

The adaptive PD control gains 𝐾𝑃𝑎𝑛𝑑𝐾𝐷 are determined by [26,27]. 

 

VI. RESULTS AND DISCUSSION 
In order to show the advantage of the proposed control law, a simulations studies are carried out. 

Adopting the robust PID adaptive control law described in (7-10) and (32-34) to simulate the tracking effects of 

robot manipulator, the simulation results can be seen from Figures 2,3,4,5, and 6. These figures indicate that the 
robust adaptive PID control scheme can compensate the bounded external disturbances and guarantee the 

manipulator systems to track the desired position and velocity trajectories accurately with quit small tracking 

errors in finite time. The adaptive algorithm can effectively estimate the unknown constant vector P which 

describes the mass characteristics of robot manipulator. 

The robust adaptive PID controller can provide better control performance due to the incorporation of 

an integral action within both the PID control and robust adaptive algorithm. 

PID control term, it exhibits the superiority in contrast to the PD one in the adaptive PD controllers {26,27]. In 

the case of PD control, the differential element has no effect on steady-state process, although the steady-state 

errors can be smaller by increasing the proportional gain which may cause the system to be unstable. In 

addition, the differential action is very sensitive to system noise. While the PID control includes an integral 

element which can rise the indiscrimination degree of the system, so it can enhance the steady-state performance 
of the closed -loop system. Also, the PID control can provide one negative real zero, which contributes to 

improve the dynamic performance of robot manipulator systems. 

 

Adaptation algorithm term, in this work an integral element acts on the estimation law 𝑃   via the 

variable x (see (3) and (10)), note that continuously accumulated position errors under the action of integration 

element results in a bigger value of  𝑃   than that of {26,27], which implies that the estimated rate of  𝑃   is 

increased. As a consequence, the dynamic performance and the finite-time estimation accuracy of the estimate 

vector  𝑃   are improved. In addition to these, assumption (A2) provides a bigger upper bound of the external 

disturbances than the one which is defined as  𝑢 ≤ 𝑏1 + 𝑏2 𝑒 + 𝑏3 𝑒   in [26,27]. However, the enlarged 

external disturbances can be compensated by the enhanced robust term V (see(3),(9)). It should emphasize that, 

the dynamic performance of the closed-loop system can be improved in the whole process by adopting the 

robust adaptive PID control law. 

Simulation results verify the advantages of the proposed control scheme. The simulation curves Figures 

2,3,4, and 5 show that the robust adaptive PID controller provide higher accuracy in finite-time position and 

velocity tracking control, moreover it results in better dynamic performance of the manipulator systems. 

Observing the control input curves Figures 6a, and 6b, we can see that the proposed control law leads to less 

chattering effect, which is beneficial to prolong the service life of robot. Also, it can be verified that the 

proposed control law can ensure a faster convergence rate and smaller overshoot of the system states tracking to 
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the desired trajectories. From the previous analysis, it is clear that this work presents an effective control method 

for robot manipulator under bounded external disturbances. 

 

VII. CONCLUSION 
This paper describes the design and simulation implementation of a new robust adaptive PID controller 

for trajectory tracking control of a two-link flexible joints robotmanipulator with known upper bound of the 

external disturbances. The main feature of this design is that it combines PID control law with robust adaptive 

algorithm. The adaptive algorithm is utilized to estimate the unknown constant vector P online, while the robust 

adaptive term and the PID control are used to cope with the bounded external disturbances, adaptive 

approximation errors, and trajectory tracking errors. 

 The convergence and stability properties of the closed-loop system are guaranteed, the tolerable external 

disturbances are enlarged, the dynamic performance of the manipulator systems is improved, and the finite-time 
tracking control accuracy is enhanced by adopting the proposed control scheme. Simulation results show the 

advantages of the designed controller and verify that it is able to cope with the external disturbances arises in 

practical control, and uncertain constant parameters in system dynamic. 
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Table 1.  Robot parameter from design and Sin Sweep Identification 

 Jl1 

(Kg.m
2
) 

Jl2 

(Kg.m
2
) 

d1 

(Kg.m
2
) 

d2 

(Kg.m
2
) 

b1 

(N.m.s/rad) 

b2 

(N.m.s/rad) 

Sin Sweep   2.087 0.216 2.041 0.242 

I - DEAS 0.2269 0.0429 2.110 0.223   

 

 bm1 

(N.m.s/rad) 

bm2 

(N.m.s/rad) 

k1 

(N.m/rad) 

k2 

(N.m/rad) 

Jm1 

(Kg.m
2
) 

Jm2 

(Kg.m
2
) 

Sin Sweep 1.254 0.119 125.56 31.27 0.1224 0.0168 

I - DEAS   198.49 51.11 0.1226 0.017 
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Fig.1 Framework of control law with known upper bound of the disturbances.  
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